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Abstract
A system of partial differential equations describing the spatial
oscillations of an Euler-Bernoulli beam with a tip mass is considered.
The linear system considered is actuated by two independent controls
and separated into a pair of differential equations in a Hilbert space.
A feedback control ensuring strong stability of the equilibrium in the
sense of Lyapunov is proposed. The proof of the main result is based
on the theory of strongly continuous semigroups.
1 Introduction
Dynamical models of flexible-link robot manipulators are generally described
by a set of coupled ordinary and partial differential equations, that gives rise
to series of mathematical control problems in infinite dimensional spaces [3,
4, 5, 7, 12, 13]. However, finite dimensional approximate models obtained
by the assumed modes and finite elements methods are used more frequently
for solving the motion planning and stabilization problems [1, 11, 16, 18].
It should be emphasized that the majority of publications in this area is
concentrated on planar manipulator models with a free end. To study spatial
manipulators with a tip mass, the mathematical model that describes the
motion of a multi-link manipulator under the action of gravity and controls
(torques and forces) was proposed in [14].
The goal of this paper is to study the stabilization problem of the control
system derived in [14] for the particular case of a manipulator with one
flexible link.
1
2 Equations of Motion
A mechanical system consisting of n Euler-Bernoulli beams and a rigid body
as a load was introduced in [14]. In this paper, we assume that n = 1 and
neglect controlled rotations of the load (ϕJ = 0 and c = 0 in the notations
of [14]). Thus, the beam deflection at time t is defined by functions y(x, t) and
z(x, t) in a rotating Cartesian frame, where x ∈ [0, l] is the spatial coordinate,
l is the length of the beam. The above Cartesian frame is obtained from the
fixed one by subsequent rotations on the angle ϕT (t) (turning angle) and
ϕR(t) (raising angle). The system is controlled by torques MT and MR
applied at the bottom part of the beam. For each constant value ϕ0R, there
is the control torque MR = M
0
R implementing an equilibrium ϕT (t) = 0,
ϕR(t) = ϕ
0
R, y(x, t) = 0, and z(x, t) = z0(x). The linearized system of
differential equation describing oscillations around the equilibrium can be
written as follows (see [14]):
y¨(x, t) +
1
ρ
(
czy
′′(x, t)
)′′
= ψT (x)ϕ¨T , x ∈ (0, l), (1)
¨˜z(x, t) +
1
ρ
(
cyz˜
′′(x, t)
)′′
= gϕ˜R sinϕ
0
R − x ¨˜ϕR, (2)
y|x=0 = z˜|x=0 = 0, y
′|x=0 = z˜
′|x=0 = 0, (3)
1
m
(czy
′′)′ − y¨ + ψT (x)ϕ¨T
∣∣∣∣
x=l
= 0, (4)
−czy
′′ − J3y¨
′ + J3ψ
′
T (x)ϕ¨T |x=l = 0, (5)
1
m
(cyz˜
′′)′ + gϕ˜R sinϕ
0
R − ¨˜z − l ¨˜ϕR
∣∣∣∣
x=l
= 0, (6)
cy z˜
′′ + J2(¨˜ϕR + ¨˜z
′
)
∣∣∣
x=l
= 0, (7)
{
I0 + (I1 + J1) sin
2 ϕ0R + (I3 + J3) cos
2 ϕ0R+ m0(R−d cosϕ
0
R)
2+m(R−l cosϕ0R)
2+
+
∫ l
0
(R− x cosϕ0R)
2ρ dx
}
ϕ¨T +
∫ l
0
(R− x cosϕ0R)y¨ρ dx+
+
{
mRy¨ − (mly¨ + J3y¨
′) cosϕ0R
}∣∣
x=l
=MT , (8){
I2 + J2 +m0d
2 +ml2 +
∫ l
0
x2ρ dx
}
¨˜ϕR +
∫ l
0
¨˜zxρ dx+
{
ml¨˜z + J2¨˜z
′
}∣∣∣
x=l
−
2
−g
{∫ l
0
z˜ρ dx+ mz˜|x=l +
(
m0d+ml +
∫ l
0
xρ dx
)
ϕ˜R
}
sinϕ0R−
−g
{∫ l
0
z0ρ dx+mz0(l)
}
ϕ˜R cosϕ
0
R = M˜R, (9)
where z˜(x, t) = z(x, t)− z0(x), ϕ˜R(t) = ϕR(t)− ϕ
0
R, M˜R =MR −M
0
R, and
ψT (x) = x cosϕ
0
R − z0(x) sinϕ
0
R − R.
We use dots to denote derivatives with respect to time t, and primes to
denote derivatives with respect to the space variable x. The procedure for
computing z0(x) and M
0
R is given in [14].
The parameters in (1)-(9) have the following physical meaning: ρ(x) is
the mass per unit length of the beam, cz(x) = E(x)Iz(x), cy(x) = E(x)Iy(x),
E(x) is Young’s modulus, Iz(x) and Iy(x) are moments of inertia of the cross
section of the beam with respect to the axes z and y, m is the payload mass,
J1, J2, and J3 are central moments of inertia of the payload, R is the platform
radius, I0 is the moment of inertia of the platform, I1, I2, and I3 are moments
of inertia of the hub, m0 is the hub mass, d is the distance between the origin
of the rotating Cartesian frame and the hub center of mass.
To simplify these equations we substitute expressions (1), (2), (4)-(7) for
y¨(x, t), ¨˜z(x, t), y¨, y¨′, ¨˜z, ¨˜z
′
∣∣∣
x=l
into (8), (9) and perform integration by parts
with regard for the boundary conditions (3). As a result, equations (8) and
(9) take the following form:
ϕ¨T = uT , ¨˜ϕR = uR, (10)
where
uT = {I0 + (I1 + J1) sin
2 ϕ0R +m0(R− d cosϕ
0
R)
2+
+(I3 cosϕ
0
R + J3z
′
0(l) sinϕ
0
R) cosϕ
0
R +
(
m(l cosϕ0R − R)z0(l)+
+
∫ l
0
(x cosϕ0R−R)z0ρ dx
)
sinϕ0R}
−1×
{
MT −
(
R(czy
′′)′ + czy
′′ cosϕ0R
)∣∣
x=0
}
,
(11)
uR = {I2+m0d
2}−1×
{
M˜R+cy z˜
′′|x=0+g
(∫ l
0
z˜ρ dx+m z˜|x=l +m0d
)
sinϕ0R+
+g
(∫ l
0
z0ρ dx+mz0(l)
)
ϕ˜R cosϕ
0
R
}
. (12)
3
For each ϕ˜R(t), y(·, t), z˜(·, t), formulae (11) and (12) establish a one-to-
one correspondence between the torques (MT , M˜R) and angular accelerations
(uT , uR). Thus, we may consider (uT , uR) ∈ R
2 as a new control for the linear
system (1)-(7), (10).
3 Main Results
Consider the following linear space
X =
{


η(·)
ζ(·)
φ
ω
p
q


:
η ∈ H2(0, l), ζ ∈ L2(0, l),
η(0) = η′(0) = 0,
φ, ω, p, q ∈ R
}
,
where Hk(0, l) is the Sobolev space of all functions whose generalized deriva-
tives of order j = 0, 1, ..., k exist and belong to L2(0, l). For
ξ1 =


η1
ζ1
φ1
ω1
p1
q1


∈ X and ξ2 =


η2
ζ2
φ2
ω2
p2
q2


∈ X,
the inner product in X is defined by the formula
〈ξ1, ξ2〉X =
∫ l
0
(η′′1(x)η
′′
2 (x) + ζ1(x)ζ2(x)) dx+ φ1φ2 + ω1ω2 + p1p2 + q1q2.
It is easy to check that the norm ‖ξ‖X =
√
〈ξ, ξ〉X is equivalent to the
standard norm in H2(0, l) × L2(0, l) × R
4 (see, e.g.,[8, Ch. 3]), and hence,
(X, ‖ · ‖X) is a Hilbert space.
In order to consider an abstract formulation of the boundary value prob-
lem (1)-(7), (10), let us introduce the linear operator A : D(A)→ X and the
element B ∈ X as follows:
A : ξ =


η
ζ
φ
ω
p
q


7→ Aξ =


ζ
−1
ρ
(cη′′)′′ + γφ
ω
0
γφ+ 1
m
(cη′′)′|x=l
− c
J
η′′|x=l


, B =


0
ψ
0
1
ψ(l)
ψ′(l)


, (13)
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where the domain of definition of A is
D(A) =
{
ξ ∈ X :
η ∈ H4(0, l), ζ ∈ H2(0, l),
ζ(0) = ζ ′(0) = 0,
p = ζ(l), q = ζ ′(l)
}
, (14)
functions c(x) > 0 and ψ(x) are assumed to be of class C2[0, l]; J > 0 and γ
are constants.
Let
(
y(x, t), z˜(x, t), ϕT (t), ϕ˜R(t)
)
be a classical solution of the boundary-
value problem (1)-(7), (10) with controls (uT (t), uR(t)) for 0 ≤ t < τ , τ ≤
+∞. Defining
ξT (t) =


y(·, t)
y˙(·, t)
ϕT (t)
ϕ˙T (t)
y˙(l, t)
y˙′(l, t)


, ξR(t) =


z˜(·, t)
˙˜z(·, t)
ϕ˜R(t)
˙˜ϕR(t)
˙˜z(l, t)
˙˜z
′
(l, t)


, (15)
we see that ξT (t) ∈ D(A) and ξR(t) ∈ D(A) for all t ∈ [0, τ). Consider the
pair (AT , BT ) obtained from (A,B) by placing ψ(x) = ψT (x), c(x) = cz(x),
J = J3 γ = 0 in (13). Similarly, let the pair (AR, BR) be obtained from
(A,B) by plugging ψ(x) = −x, c(x) = cy(x), J = J2, γ = g sinϕ
0
R. Then
the boundary-value problem (1)-(7), (10) is reduced to the following control
system:
ξ˙T = AT ξT +BTuT , (16)
ξ˙R = ARξR +BRuR, (17)
where (ξT , ξR) is the state and (uT , uR) is the control. In the sequel, we treat
this control system as an abstract formulation of (1)-(7), (10) with ξT , ξR ∈ X
and uT , uR ∈ R. We see that (16), (17) is separated into two parts, therefore,
the stabilization problem may be solved independently for ξT and ξR. The
basic result we shall prove is the following
Theorem 1. Consider the abstract Cauchy problem on t ≥ 0:
ξ˙(t) = Aξ(t) +Bu, (18)
ξ(0) = ξ0 ∈ X, (19)
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where A, B are given by (13),
u = −
1
β
{
kω +
(
α− γ
(∫ l
0
ρψ dx+mψ(l)
))
φ+
+
∫ l
0
cη′′ψ′′dx+
(
cη′′ψ′ − (cη′′)′ψ
)∣∣∣
x=0
− γ
(∫ l
0
ρη dx+mη(l)
)}
, (20)
α > 0, β > 0 are large enough constants, and k > 0 is arbitrary.
Then the Cauchy problem (18), (19) with (20) is well-posed on t ≥ 0 (in
the sense of mild solutions), and the feedback control (20) strongly stabilizes
the equilibrium ξ = 0 of the control system (18), i.e., for every ε > 0, there
exists δ = δ(ε) > 0 such that, for every solution of (18)-(20),
‖ξ0‖X < δ ⇒ ‖ξ(t)‖X < ε, ∀t ≥ 0.
Moreover, if a semitrajectory {ξ(t)}t≥0 of (18), (20) is precompact in X then
the set of its limit points (as t → +∞) is an invariant subset of Z0 = {ξ ∈
X : ω = 0}.
Proof. Consider a quadratic functional on X :
2V (ξ) = αφ2 + βω2 +
∫ l
0
{
(ζ − ψω)2ρ+ η′′
2
c
}
dx+
+m {p− ψ(l)ω}2 + J {q − ψ′(l)ω}
2
− 2γφ
{∫ l
0
ηρ dx+mη(l)
}
. (21)
Let us compute the time-derivative of V along trajectories of (18) when
ξ ∈ D(A):
V˙ (ξ) = 〈∇V (ξ), Aξ +Bu〉 =
=
∫ l
0
(
cζ ′′η′′ − ζ · (cη′′)′′
)
dx+
(
p (cη′′)′ − qcη′′
)∣∣∣
l
+
+
{
αφ+ βu+
∫ l
0
(
ψ · (cη′′)′′ − ργ(φψ + η)
)
dx+
+
(
cψ′η′′ − ψ · (cη′′)′ −mγ(φψ + η)
)∣∣∣
x=l
}
ω. (22)
By performing integration by parts with regard for conditions (14), we get:
∫ l
0
ζ · (cη′′)′′dx = ζ · (cη′′)′|
l
x=0 −
∫ l
0
ζ ′ · (cη′′)′dx =
6
=
(
ζ · (cη′′)′ − ζ ′cη′′
)∣∣∣
x=l
+
∫ l
0
ζ ′′cη′′dx,
∫ l
0
ψ · (cη′′)′′dx = ψ · (cη′′)′|
l
x=0 −
∫ l
0
ψ′(cη′′)′dx =
=
(
ψ · (cη′′)′ − ψ′cη′′
)∣∣∣l
x=0
+
∫ l
0
ψ′′cη′′Tdx.
Let us substitute these formulae into (22) and use boundary conditions p =
ζ(l), q = ζ ′(l) from (14). As a result, the expression for V˙ takes the following
form:
V˙ (ξ) =
{(
α− γ
(∫ l
0
ρψ dx+mψ(l)
))
φ+ βu+
+
∫ l
0
cψ′′η′′dx+
(
cψ′η′′ − ψ · (cη′′)′
)∣∣∣
x=0
− γ
(∫ l
0
ρη dx+mη(l)
)}
ω. (23)
If u is defined by (20) then formula (23) yields
V˙ (ξ) = −kω2 ≤ 0, (k = const > 0). (24)
The next step is to prove that V (ξ) satisfies the following estimates
M1‖ξ‖
2
X ≤ 2V (ξ) ≤M2‖ξ‖
2
X (25)
with some constants 0 < M1 ≤ M2 < +∞. On one hand, by exploiting
inequalities (a + b)2 ≤ 2a2 + 2b2 and 2ab ≤ a2 + b2 in (21), we obtain
2V (ξ) ≤ αφ2 + βω2 +
∫ l
0
(
cη′′
2
+ 2(ζ2 + ψ2ω2)ρ
)
dx+
+2m
(
p2 + ψ2(l)ω2
)
+ 2J
(
q2 + ψ′
2
(l)ω2
)
+
+γ2φ2 + 2
(∫ l
0
ηρ dx
)2
+ 2 (mη(l))2 . (26)
Then the Cauchy-Schwartz inequality implies
(∫ l
0
ηρ dx
)2
≤
∫ l
0
η2 dx
∫ l
0
ρ2 dx, (27)
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η2(l) =
(∫ l
0
η′ dx
)2
≤
∫ l
0
dx
∫ l
0
η′
2
dx. (28)
The functions η(x) and η′(x) subject to the boundary conditions η(0) =
η′(0) = 0 satisfy Friedrichs’ inequalities of the following form (cf. [4, p. 440]):
∫ l
0
η2dx ≤
l2
2
∫ l
0
η′
2
dx ≤
l4
4
∫ l
0
η′′
2
dx. (29)
By using inequalities (27)-(29) we conclude that
(∫ l
0
ηρ dx
)2
+m2η2(l) ≤
∫ l
0
η2 dx
∫ l
0
ρ2 dx+
+lm2
∫ l
0
η′
2
dx ≤
l3
2
(
m2 +
l
2
∫ l
0
ρ2dx
)∫ l
0
η′′
2
dx. (30)
Application of this inequality in (26) yields an estimate 2V (ξ) ≤ M2‖ξT‖
2
X ,
M2 = max
{
α + γ2, 2m, 2J, 2 max
x∈[0,l]
ρ(x),
β + 2
∫ l
0
ψ2ρ dx+ 2Jψ′
2
(l) + 2mψ2(l),
l3
(
m2 +
l
2
∫ l
0
ρ2dx
)
+ max
x∈[0,l]
c(x)
}
.
On the other hand, we see that the inequality a2 = (a−b+b)2 ≤ 2(a−b)2+2b2
implies (a − b)2 ≥ a2/2 − b2. By using the latter together with −2ab ≥
−κ2a2 − b2/κ2 (κ 6= 0) in (21), we get:
2V (ξ) ≥ αφ2 + βω2 +
∫ l
0
(
cη′′
2
+
ρ
2
ζ2 − ρψ2ω2
)
dx+
+m
(p2
2
− ψ2(l)ω2
)
+ J
(q2
2
− ψ′
2
(l)ω2
)
−
−κ2γ2φ2 −
1
κ2
(∫ l
0
ηρ dx+mη(l)
)2
≥
≥
(
α− κ2γ2
)
φ2 +
m
2
p2 +
J
2
q2 +
1
2
∫ l
0
ζ2ρ dx+
8
+
(
β −
∫ l
0
ρψ2 dx−mψ2(l)− Jψ′
2
(l)
)
ω2+
+
{
min
[0,l]
c−
l3
κ2
(
m2 +
l
2
∫ l
0
ρ2dx
)}∫ l
0
η′′
2
dx. (31)
We have also used the inequality (30) here. From (31) we conclude that
2V (ξ) ≥M1‖ξ‖
2
X and
M1 = min
{
α− κ2γ2,
m
2
,
J
2
,
1
2
min
x∈[0,l]
ρ(x),
β −
∫ l
0
ρψ2 dx−mψ2(l)− Jψ′
2
(l),
min
x∈[0,l]
c(x)−
l3
κ2
(
m2 +
l
2
∫ l
0
ρ2dx
)}
> 0
provided that
κ
2 >
l3
minx∈[0,l] c(x)
(
m2 +
l
2
∫ l
0
ρ2dx
)
,
α > κ2γ2, β >
∫ l
0
ρψ2 dx+mψ2(l) + Jψ′
2
(l).
For the rest of this paper, we assume that constants α, β, and κ satisfy the
above inequalities.
The estimate (25) shows that the two norms ‖ξ‖X and ‖ξ‖V =
√
V (ξ) are
equivalent in X . Let us write the closed-loop system (18) with the control
u defined by (20) as ξ˙ = A˜ξ, where D(A˜) = D(A) is dense in X . From
inequality (24) it follows that the operator A˜ is dissipative inX equipped with
the norm ‖ ·‖V . Then the Lumer-Phillips theorem [9, Chap. 1.4] implies that
A˜ is the infinitesimal generator of a C0 semigroup of contractions, {e
tA˜}t≥0, on
X (with respect to the norm ‖ ·‖V ). It means that the Cauchy problem (18)-
(20) has the unique mild solution ξ(t) = etA˜ξ0, t ≥ 0, for every ξ0 ∈ X , and
the above solution is classical if ξ0 ∈ D(A). As {e
tA˜}t≥0 is contractive (under
an equivalent renormalization in X), then
‖ξ(t)‖V ≤ ‖ξ0‖V , ∀t ≥ 0.
9
This implies, taking into account the estimate (25), that
‖ξ(t)‖2X ≤
2V (ξ(t))
M1
≤
2V (ξ0)
M1
≤
M2
M1
‖ξ0‖
2
X .
The above inequality proves strong stability of the equilibrium ξ = 0 in the
sense of Lyapunov (we may choose δ(ε) = ε
√
M1/M2 in the definition of
stability).
To conclude the proof we apply LaSalle’s invariance principle [6, 10]
(cf. [15, Lemma 2]) with the functional V (ξ): if a semitrajectory {ξ(t)}t≥0
is precompact then its ω-limit set, Ω(ξ0), is a non-empty and semi-invariant
subset of {ξ ∈ D(A) : V˙ (ξ) = 0} = Z0. 
Remark. By applying the formula (20) to control systems (16), (17)
separately and using the representation (15), one can write the feedback
control proposed as follows:
uT = −
1
β
{
αϕT + kϕ˙T +
∫ l
0
czy
′′ψ′′dx+
(
czy
′′ψ′ − (czy
′′)′ψ
)∣∣∣
x=0
}
,
uR = −
1
β
{
αϕ˜R + k ˙˜ϕR − cy z˜
′′|
x=0+
+g
(∫ l
0
(xϕ˜R − z˜)ρ dx+m(lϕ˜R − z˜|x=l)
)
sinϕ0R
}
.
To implement these controls in practice, it is sufficient to compute uT and uR
depending on the measurements of ϕT , ϕ˜R, ϕ˙T , ˙˜ϕR, y, z˜ at each t ≥ 0, and
then apply formulae (11), (12) to find torques MT and MR. An advantage
of this approach is that no information about the time-derivatives of y(x, t)
and z˜(x, t) is needed.
3 Conclusions
A feedback control has been derived to stabilize the equilibrium of a dif-
ferential equation in a Hilbert space that describes the motion of a flexible
beam with a tip mass. Although the main result of this paper concerns
non-asymptotic stability, further analysis of the limit behavior of controlled
trajectories is possible by means of the invariance principle. The main diffi-
culty in this direction is to prove that the semitrajectories are precompact,
10
which is not an easy task in general (see, e.g., [2, 17]). We do not study the
compactness issue here, leaving it for future work.
This research is supported by the Ministry of Education and Science of
Ukraine through grant of the President of Ukraine for Young Scientists.
References
[1] Chernousko F.L., Bolotnik N.N., Gradetskii V.G. Manipulating robots:
dynamics, control, and optimization. – Moscow: Nauka, 1989. – 368 p.
(in Russian)
[2] Coron J.-M., d’Andrea Novel B. Stabilization of a rotating body beam
without damping // IEEE Trans. on Autom. Control. – 1998. – Vol. 44.
– P. 608-618.
[3] Fattorini H.O. Infinite dimensional optimization and control theory. –
Cambridge: Cambridge University Press, 1999. – 798 p.
[4] Krabs W., Sklyar G.M. On the Controllability of a Slowly Rotating
Timoshenko Beam // Journal for Analysis and Applications. – 1999. –
Vol. 18. – P. 437-448.
[5] Lagnese J.E., Leugering G. Controllability of Thin Elastic Beams and
Plates // In: The control handbook (ed.: W.S. Levine). – Boca Raton:
CRC Press - IEEE Press, 1996. – P. 1139-1156.
[6] LaSalle J.P. Stability theory and invariance principles // Dynamical
systems. Vol. 1. Int. symp. on dyn. syst. Providence 1974 (L. Cesari,
J.K. Hale, and J.P. LaSalle Eds.). – 1976. – New York: Academic Press.
– P. 211-222.
[7] Luo Z.-H., Guo B.-Z., Morgul O. Stability and stabilization of infi-
nite dimensional systems with applications. – London: Springer-Verlag,
1999. – 403 p.
[8] Mikhajlov V.P. Partial differential equations. Translated from the Rus-
sian by P.C. Sinha. Revised from the 1976 Russian ed. – Moscow: Mir
Publishers, 1978. – 396 p.
11
[9] Pazy A. Semigroups of Linear Operators and Applications to Partial
Differential Equations. – New York: Springer-Verlag, 1983. – 279 p.
[10] Shestakov A.A. Generalized direct Lyapunov method for distributed
paremeter systems. – Moscow: Nauka, 1990. – 320 p. (in Russian)
[11] Talebi H.A., Patel R.V., Khorasani K. Control of Flexible-link Manipu-
lators Using Neural Networks. – London: Springer-Verlag, 2001. – 142 p.
[12] Zuyev A. Partial asymptotic stability and stabilization of nonlinear ab-
stract differential equations // 42nd IEEE Conference on Decision and
Control. – 2003. – P. 1321-1326.
[13] Zuyev A.L. Partial asymptotic stabilization of nonlinear distributed pa-
rameter systems // Automatica. – 2005. – Vol. 41, No. 1. – P. 1-10.
[14] Zuyev A.L. Modeling of a spatial flexible manipulator with telescoping
// Proceedings of the Institute of Applied Mathematics and Mechanics
(Tr. Inst. Prikl. Mat. Mekh.). – 2005. – Vol. 10. – P. 51-58 (in Russian).
[15] Zuyev A.L. Partial asymptotic stability of abstract differential equations
// Ukrainian Mathematical Journal. – 2006. – Vol. 58, No. 5. – P. 709-
717.
[16] Zuyev A., Sawodny O. Observer design for a flexible manipulator model
with a payload // 45th IEEE Conference on Decision and Control. –
2006. – P. 4490-4495.
[17] Zuyev A.L. On the relative compactness of the differential equations
trajectories in a Banach space // Reports of the National Academy of
Sciences of Ukraine (Dopov. Nats. Akad. Nauk Ukr., Mat. Pryr. Tekh.
Nauky). – 2007. – No. 2. – P. 7-12. (in Russian)
[18] Zuyev A., Sawodny O. Stabilization and observability of a rotating Tim-
oshenko beam model // Mathematical Problems in Engineering. – 2007.
– P. 1-19.
12
